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A method of equivalent linearization for a nonlinear dynamic system of vibrations with a hydraulically elastic
shock absorber is presented. An integral estimation of the exact and approximate solutions is obtained. It is
shown that with an appropriate choice of the parameter λ the linearized dynamic system differs insignificantly
from the nonlinear one. The influence of nonlinear factors on the coefficients of the dynamic rigidity and
transmission has been established. These results agree well with the experimental curves published in the for-
eign scientific literature.

Introduction. Designing of hydraulically elastic shock absorbers with prescribed functional properties that
considerably improve the vibrational protective characteristics of mobile machines is associated with the solution of
nonlinear dynamic systems unsolvable in their final form. It is worthwhile that qualitative investigation of such a me-
chanical model be made by approximate methods that allow one to establish the laws governing its parameters on a
theoretical level. For this purpose we will use the general method of a numerical-analytical investigation of vibrational
processes for the solution of nonlinear differential equations developed by the present authors in [1–3].

Statement of the Problem. The general system of nonlinear differential equations of the dynamics of a hy-
draulic shock absorber has the form
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Analytical Solution. Generally the system of equations (1) cannot be integrated. To obviate this feature of the
system, we will use the method of equivalent linearization to derive simple analytical relations; following this method,
the function ηsign (x
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achieved when as the initial values of x1
0 and x2

0 we select the conditions of stable motion of the stationary solution of the
system of differential equations (1). At the initial moment at t = 0 the stationary values x1 and x2 will be as follows:
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For efficient vibrational protection of a controlled object all the parameters must satisfy the stability condition.
Such an analysis is made by compiling the characteristic equation of a linearized system of equations in variations and
with the use of the Hurwitz criterion [4, 5]. The discriminant of the considered mechanical system is negative, the pair
of complex roots has negative real parts, and the other two roots are real negative. The stable node focus is a singular
point; all the trajectories of the sought solutions are wound as a spiral. The vibrations x1(t) and x2(t) of the hydraulic
support are stable (Fig. 1).

The initial conditions for the exact and linearized solutions are selected according to the procedure developed
in [1, 2]. We assume that x

.
2
0 − x

.
1
0 ≠ 0. The solution of the system of nonlinear differential equations (1) leads to the

solution of the linear system of ordinary differential equations:
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Integration of (6) presents no problems.
Error Estimation. The problem of the accuracy of the approximate solution remains unclear. To answer it,

one must estimate the error between the exact and approximate solutions:

z1 (t) = x1 (t) − x~1 (t) ,   z2 (t) = x2 (t) − x~2 (t) . (7)

Let us substract Eqs. (6) respectively from the system of equations (1) and estimate the resulting expressions by the
norm on the basis of the Lipshits conditions for continuous functions over [0, T] with a choice of the arbitrary pa-
rameter λ and constants A∗ and B∗ from the following conditions:
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The errors between exact solutions (1) and approximate ones (6) do not exceed the following values:
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Fig. 1. Vibrations x1(t) and x2(t) of a hydraulic support. t, sec; x, m.
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The method of equivalent linearization allows one to investigate vibrational processes in nonlinear mechanical
systems of general form, since the above-given explicit solutions of linearized equations and estimates prove their
closeness to the sought exact solutions with a corresponding selection of the parameter λ. Therefore the proposed
linearization of (6) allows one to represent the nonlinear differential equations of the vibrations of a hydraulically elas-
tic shock absorber in a form convenient for an analysis in order to elucidate the influence of nonlinear factors on the
mechanical system as a whole. With allowance for the well-known relations n2 = kn1, ω3

2 = kω1
2, k = m1

 ⁄ m2 for the
parameters, the system of differential equations can be rewritten as follows:
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As is seen, the damping properties and the squared frequency of the hydraulic support change by constant val-
ues K2 and K1, and they increase or decrease depending on the sign of the function sign (x

.
1 − x

.
2). This leads to a

change in the dynamic characteristics of the hydraulic support: dynamic rigidity and coefficient of transmission. There-
fore it is worthwhile to seek their optimal values for each specific mechanism.

The decrease in the frequency of the natural vibrations of the upper chamber by the value of K1 insubstan-
tially influences the dynamic parameters of the hydraulic support; the decrease in the coefficient of damping 2n1 by

Fig. 2. Coefficient of dynamic rigidity Kd of a hydraulic support in the linear
model (solid curve) and nonlinear one (dots). Kd, dB; ω, rad ⁄ sec.

Fig. 3. Logarithmic dependences of the coefficient of hydraulic support trans-
mission: a) in a linear model (solid curve) and nonlinear one (dots); b) experi-
mental curves: of the transmission coefficient of hydraulic support (1) and of
an elastic shock-absorber (2). ω, rad ⁄ sec.
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K2 substantially decreases the dynamic rigidity Kd of the hydraulic support in the one of the first resonance and raises
it in the zone of the second resonance (Fig. 2).

A decrease in the magnitudes of the dissipative hydraulic resistances leads to a decrease in the transmission
of the perturbing forces from the power-generating set at antiresonance and to an increase in the dynamicity at the sec-
ond resonance (Fig. 3a). The form of the curves in Fig. 3a is similar to the experimental curves available in the for-
eign and Russian periodic scientific literature (Fig. 3b).

Conclusions. The effect of the "inertial transformer" of a hydraulic insulator [6] as a result of which frequency
regions of increased damping of vibrations are created due to internal resonances of the two-chamber system has been
established experimentally by Russian scientists. Technically this means that into the partition between the chambers
with liquid a solid-body inertia element is introduced that acts as a "negative" rigidity and decreases the relative damp-
ing and the general coefficient of transmission at necessary frequencies. In the present work this fact is confirmed by
theoretical solutions of systems of nonlinear differential equations by the method of equivalent linearization.

NOTATION

A0, A, initial and maximum values of the vibration amplitude x1(t), m; A∗, B∗, constant numbers; f1, f2, vibra-
tional accelerations, m ⁄ sec2; k, coefficient of the ratio of masses m1

 ⁄ m2; K1, K2, coefficients of linearization; Kd, co-
efficient of dynamic rigidity, dB; M, Lipshits constant; m1, m2, masses of bodies, kg; n1, n2, physical constants,
rad ⁄ sec; T, time, sec; T, limiting value of the time parameter, sec; x1, x2, exact solutions, m; x~1, x~2, approximate so-
lutions relative to points x1, x2, m; z1(t), z2(t), errors between exact and approximate solutions, m; δ, λ, dimensionless
parameters; η, physical constant, 1 ⁄ m; ν, frequency of external force fluctuations, rad ⁄ sec; ω, variable frequency,
rad ⁄ sec; ω1, ω2, ω3, frequencies of conservative vibrational systems, rad ⁄ sec. Subscript: d, dynamic.
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